One of the major challenges of voltage stabilization in converter-based DC microgrids are the multiple interacting units displaying intermittent supply behavior. In this paper, we address this by a decentralized scalable, plug-and-play voltage controller for voltage-source converters (VSCs) at primary level. In contrast to existing approaches, we follow a systematic and constructive design based on port-Hamiltonian systems (PHSs) which does neither require the heuristic proposition of a Lyapunov function nor the computation of auxilliary variables such as time-derivatives. By employing the Hamiltonian naturally obtained from the PHS approach as Lyapunov function and using the modularity of passive systems, we provide sufficient conditions under which the designed VSC controllers achieve microgrid-wide asymptotic voltage stability. Integral action (IA), which preserves the passive PHS structure, robustifies the design against unknown disturbances and ensures zero voltage errors in the steady-state. Numerical simulations illustrate the functionality of the proposed voltage controller. arXiv:2002.05050v1 [eess.SY]
I. Introduction
In recent years, converter-based DC microgrids have been identified as a viable option in future electrical energy supply systems [1] [2] [3] . They are local entities comprising flexible loads and distributed generation units (DGUs) that also include storage devices. These DGUs are commonly connected to the electrical network via controllable voltage-source converters (VSCs) and RLC filters [3] [4] [5] .
Regarding their control, converter-based microgrids provide a manifold of challenges. A central one is the stabilization of the bus voltages [4] [6] , which in DC microgrids directly determine the power flows through the network. At present, the voltage stabilization is structured hierarchically with the basic control task being performed by local VSC controllers at primary level [3] [4] [5] [6] . A further challenge of integrating a high share of DGUs is their varying availability due to the intermittent nature of most renewable energy sources, which can in worst case lead to plug-in and -out operations [7] .
In order to cope with multiple interacting DGUs and their intermittent supply behavior, local VSC controllers at primary level are usually implemented in a decentralized manner [3, Fig. 2] . Decentralized control approaches only rely on local information and measurements for the corresponding local VSC control design which (i) makes them independent of the overall microgrid size and thus scalable; (ii) drastically simplifies the control design by decomposing the microgrid into more manageable, modular subsystems; (iii) allows for the addition or removal of DGUs in a plug-and-play fashion without requiring changes to any existing local controllers. From an economic perspective, the purely local information requirement is also compatible with high privacy standards in market systems [8] .
The most popular decentralized control method at primary level is droop-based voltage control and extensions thereof [5] [6] . However, the voltage steady-state errors due to primary voltage droop control necessitate distributed secondary controllers [3] [6] . Although the resulting overall control simultaneously achieves offsetfree voltage stabilization and current sharing (see [9] and references therein), it comes at the cost of some form of communication and limited plug-and-play capability, and thus is outside the scope of this paper. An alternative approach to decentralized, primary voltage control is proposed in [1] and for example extended in [7] and [8] . It is based on quasi-stationary approximations of line dynamics which are only valid in low-voltage networks. Furthermore, it requires information about the lines connected to each DGU and solving linear matrix inequalities for each primary voltage controller.
Passivity theory and its close link to Lyapunov stability (cf. [10, pp. 40] ) is used in [2] , [11] , and [12] to address the plug-and-play primary voltage control problem in DC microgrids without the need for numerical optimization. However, they (D1) necessitate a heuristic proposition of an appropriate Lyapunov function which in general might be cumbersome and hampers transfer to other applications. Although [2] and [11] follow a more structured proposition via a Krasovskii-type Lyapunov function, this comes at the cost of requiring first-time derivatives which must be estimated in practice in finitetime. Furthermore, (D2) the approach in [12] a priori specifies a PI controller which is tuned to shape the proposed Lyapunov function and passivate the system accordingly. In case of system modifications, the complete heuristic process has to be redone. As the attainable performance is restricted from the start to a PI structure, the new problem might be infeasible.
In this paper, we circumvent drawbacks (D1) and (D2) by following a systematic and constructive control design based on port-Hamiltonian theory and interconnection and damping assignment passivity-based control (IDA- PBC). We derive sufficient conditions for the asymptotic voltage stability of the whole DC microgrid by using the modularity of passive systems and the Hamiltonian, naturally obtained by the PHS approach, as a Lyapunov function. This then leads to design requirements for the VSC controllers and, similar to [2] [11] [12] , to scalar inequality conditions for the two-tier Z/ZIP loads connected to each DGU. In contrast to being restricted PI control structure, our control law in general allows any static state feedback plus an IA. The specific controller then follows naturally from the design process and the set requirements (e.g. strict passivity, desired equilibrium) for the closed-loop system. An additional IA accounts for modeling errors and other disturbances that cause unknown network current flows, which would lead to nonzero voltage errors in the steady-state. In summary, our main contributions comprise the development of a scalable plug-and-play voltage control law for converter-based DC microgrids which (a) asymptotically stabilizes the voltages in the whole DC microgrid, (b) ensures zero voltage errors in the steady-state (also in the presence of unknown disturbances), and (c) allows a general static state feedback plus IA control structure.
II. Preliminaries and Basic Procedure
Central to this paper is the interconnection of passive systems modeled as PHSs as illustrated in Fig. 1 .
A. Modular Stability Analysis
Consider two systems i ∈ {1, 2} of port-Hamiltonian forṁ
where x i ∈ R ni is the state vector, u i ∈ R mi is the control input vector, d i ∈ R di is the disturbance input vector, y i ∈ R mi is the control output vector, and z i ∈ R di is the disturbance output vector [13, p. 70 ]. The ma-
Hamiltonian H i (x i ) : R ni → R ≥0 is a smooth function of the states representing the total energy stored in the system. Throughout this paper, we consider quadratic Hamiltonians [14, p. 117] ) with minima specifying the equilibrium of system (1) at
holds and strict passivity of (1) w.r.t. the supply rate
Assuming we apply passivity-based control laws to Systems 1 and 2 that shape the energy such that a new Hamiltonian H ci (x i ) with new equilibrium x * i = arg min xi H ci (x i ) is established, and possibly modify the dynamic behavior, we obtain closed-loop PHSs of the form (see dashed red lines in Fig. 1 )
which are again strictly passive w.r.t.
simply specify the interconnection of Systems 1 and 2 via ideal flow (current) or effort (voltage) constraints that algebraically link d 1 , z 1 to d 2 , z 2 , the interconnection is a power-preserving Dirac structure [13, pp. 99] . In this case, the overall system (see dotted blue in Fig. 1 ) is again a strictly passive (port-Hamiltonian) system with the equilibrium
T . Its Hamiltonian is the sum of the subsystem Hamiltonians
and thus also a positive definite function. As there are no more open ports to interact with the overall system, the supply rate is zero and similar to (2) follows ∀x 12 
By using this strict passivity w.r.t a zero supply rate and the radially unbounded, positive definite, Hamiltonian H 12 (x) as Lyapunov function, we directly can infer global asymptotic stability of the overall equilibrium x * 12 via Lyapunov's direct method [15, 
B. Basic Procedure
Based on these considerations, we first model the subsystems DGU and electrical line comprising any DC microgrid as PHSs of the form (1) . Then, we formulate the control problem arising for the requirement of asymptotic voltage stability in a DC microgrid and subsequently design an appropriate decentralized, passivitybased voltage controller. In a last step, we extended this controller by an IA which preserves the asymptotic voltage stability of the DC microgrid. This robustifies the voltage controller and ensures zero steady-state voltage errors in the presence of model uncertainties and unknown network currents. For the remaining part of this contribution, we establish the following assumption which holds under normal grid conditions:
Assumption 1: Any voltages (bus, reference, nominal) are strictly positive, i.e. V (t) > 0 for all t ≥ 0.
Remark 1: Note that due to Assumption 1, we only use the term asymptotic voltage stability in this work and drop the denotation global. Although, from a practical perspective, the obtained voltage stability result is global in the sense that it holds for the complete operationally relevant area of V (t) > 0 for all t ≥ 0.
III. Modeling
In Section III-A, we introduce the DC microgrid to be modeled and identify relevant subsystems. Sections III-B and III-C present port-Hamiltonian models of the two main subsystems DGU and electrical line.
A. System description
We consider a DC microgrid in islanded mode. The microgrid consists of DGUs, loads, and lines in a loadconnected topology, i.e. loads are mapped to the DGU terminals denoted as the Point of Common Coupling (PCC) as in [1] , [8] , [2] , [11] and [12] . This allows for a bipartite graph representation of the DC microgrid as shown in Fig. 2 (cf. [12] ). The bipartite graph consists of multiple connections of the two subsystems, DGU and line (π-model). A single such connection is illustrated in Fig. 3 . Note that each DGU may connect to an arbitrary number of electrical lines.
B. DGU Inverter Interface Model
The left part of Fig. 3 depicts the circuit diagram of a DGU at any node i in the microgrid. It consists of a DC voltage source, which may represent a renewable energy source or a storage device, a buck VSC, and a series RLC filter. The losses in the VSC and filter are lumped together in R ti . The DC voltage source is assumed to represent an infinite power source [1] [8] [12] and the buck VSC is considered as ideal transformer without operational constraints [1] [8] [12] . The buck VSC is described by an average model using the averaged switch modeling technique [4] . A current source described by I Li (V i ) represents the DGU-mapped loads. I Ni is the net-current injected into the microgrid at P CC i which equals the accumulated incoming and outgoing line currents at P CC i . Based on fundamental electrical network theory, a port-Hamiltonian model of form (1) of the DGU VSC interface is defined by
z i = V i and interconnection and damping matrices
Note that from a modeling point of view, I Ni is an unknown disturbance. The load I Li (V i ) is already integrated into (6) and injects damping (see (6e)) dependent on its characteristics and the bus voltage V i . 1) Load Model: In this work, we model the load connected to the P CC i of a DGU at node i by a two-tier Z/ZIP model ( [16, pp. 110-112] ). For voltages above 0.7V 0 (V 0 : nominal microgrid voltage), we use the static, polynomial ZIP model. It comprises the parallel combination of a constant impedance (Z) expressed as admittance (Y), a constant current (I), and a constant power (P) load
with Y Li > 0,Ī Li = const. > 0, and P Li > 0. For voltages below 0.7V 0 , the corresponding Z load forms a special case of the subsequent analysis withĪ Li = 0 and P Li = 0 in (7) . Consequently, it is not considered explicitly.
C. Electrical line model
The right side of Fig. 3 shows the structure of an exemplary electrical line from node i to j. The line is described by a π-model with parameters R ij , L ij , C ij > 0. Fig. 3 . Circuit diagram of a DGU comprising a buck VSC, a filter, and a voltage-dependent current source representing a load, connected to a π-model line (blue); the legs of the line are considered part of the respective DGUs Shunt conductances are neglected. The line capacitances may be lumped with the respective filter capacitances C ti and C tj . However, even for an exemplary 50 km transmission line with the electric constant 0 , ground distance D = 5 m, and radius r = 0.02 m 
where
and z ij = [I ij , −I ij ] T . Note that (9) has no controlled ports.
IV. Problem Formulation
The considered control problem is finding plug-andplay control laws for the VSCs of the DGUs which asymptotically stabilize the bus voltages V i , i.e. lim t→∞ V i = V * i for all i = 1, . . . , N . The references V * i are specified by a higher-level control. With (6) , this implies the desired closed-loop DGU equilibria
The current references x * 1,i = L ti I * ti are not specified explicitly and follow as a consequence of the load demand and network exchange currents (see second row of (6a)). As outlined in Section II, the strict passivity and thus asymptotic stability of the equilibrium of a system can be inferred by analyzing the passivity of the subsystems and their interconnections.
Proposition 1: A DC microgrid represented by a bipartite graph as in Fig. 2 comprising RL-lines and strictly passive DGU PHSs is itself strictly passive with an asymptotically stable equilibrium x * MG given by the combined equilibria of the subsystems DGU (including its connected load) x * i and electrical line x * ij , respectively.
Proof: According to Section II, the line PHS in (9) is a strictly passive system w.r.t. its ports d ij , z ij as R ij = R ij > 0 per definition. If the DGU model (6) is strictly passive w.r.t. its respective ports d i , z i (possibly through appropriate control to establish the desired equilibria (10) and modify the dynamic behavior), then the DC microgrid comprises only strictly passive subsystems (cf. Fig. 1 dashed red Fig. 1 dotted blue),Ḣ MG < 0, ∀x MG = x * MG holds. From Proposition 1 follows that the task of voltage stabilization in DC microgrids reduces to two main problems: (P1) Appropriately controlling the local buck VSCs such that their respective DGUs are strictly passive w.r.t. d i , z i and the minima of their Hamiltonians are at the desired voltage references V * i = x * 2,i /C ti , i = 1, . . . , N . This also includes setting up inequalities for the control parameters and load characteristics to guarantee the strict passivity; (P2) Ensuring zero steady-state errors of the bus voltages under model uncertainties and other unmodeled disturbances.
V. Plug-and-play voltage control design
In Sections V-A and V-B, we address problem (P1) by first designing a passivity-based voltage controller for the initially undisturbed DGU model, i.e. (6) with d i = 0. Then we establish inequalities for the control parameters and load characteristics to ensure strict passivity of the DGU subsystem and thus microgrid-wide asymptotic voltage stability as per Proposition 1. Problem (P2) is addressed in Section V-C, where we extend the passivitybased voltage controller with an IA that preserves the closed-loop PHS form and thus the asymptotic voltage stability.
Assumption 2: In the sequel, we assume voltage references V * i and disturbances d i to be piecewise constant w.r.t. the fast VSC dynamics such that suitable constant equilibria exist.
Remark 2: For clarity in the following control design, the index i referring to the i-th DGU is dropped from all variables and parameters, i.e. V = V i , R t = R ti , etc.
A. Passivity-Based Voltage Controller Proposition 2: Consider a DGU model as defined in (6) . Suppose the disturbance currents are zero for the control design, i.e. d = −I N = 0. If (6) is controlled by the static state feedback control law
then its closed-loop dynamics are given by
with the closed-loop equilibrium
The constant damping r 1 ≥ 0 is the control parameter, V * = x * 2 /C t is the voltage reference, and the state x 1 = L t I t or rather its respective current I t is a measurement.
Proof: In order to obtain (11), we apply an IDA-PBC approach [18] . In general, IDA-PBC design assigns a desired closed-loop PHS of the form
with x * = arg min x H c (x) by means of a static state feedback
This control law is obtained after solving the IDA-PBC matching equation
Equation (16) represents a system of linear, first-order PDEs whose solutions specify the assignable H c (x) for fixed J c (x) and R c (x). However, by fixing the desired H c (x), (16) can be simplified and becomes an algebraic system of equations in J c , R c , g ⊥ . Accordingly, we fix the desired Hamiltonian to
by performing the simplest possible shift to (6d) such that x * = arg min x H c (x) is established at (13) . For the solution of (16), we structurally parameterize the closedloop interconnection and damping matrices with
where r 1 , r 2 (x) ≥ 0 ∀ x. Selecting the natural choice for the full-rank left annihilator g ⊥ = [0, 1] since g i = [1, 0], and inserting (6) with d = 0, (17), (18) , and g ⊥ into the matching equation (16) yields
Then we rewrite the load current equation (7) as
and insert (22) in (20) . By comparing the coefficients for (I t − I * t ) and (V − V * ) in (20) , we obtain
from which I * t = I L (V * ), J 12 = 1, and
follow. Finally, with (6) for d = 0, (17), and (18), the static state feedback controller (11) can be calculated. The closed-loop dynamics (12) of the DGU model (6) are obtained by inserting (11b) in (6) . Remark 3: Note that the control law (11) comprises a damping assignment via static state feedback (R t − r 1 ) I t to establish a new filter resistance r 1 , and a model-based disturbance compensation of the load influence in steadystate r 1 I L (V * ).
B. Closed-Loop Voltage Stability
According to Proposition 1, the asymptotic voltage stability of the DC Microgrid is established if the closedloop DGU subsystem (12) is strictly passive w.r.t. its port d, z. As outlined in Section II, strict passivity can be inferred from R(x) 0. With
from (12), we obtain with (25) the inequalities
The control parameter r 1 ≥ 0 represents a degree of freedom in the design, which allows to adjust the damping of the x 1 -dynamics. It can thus be chosen such that (27) is always fulfilled. However, for the ZIP load model in (28), the instantaneous voltage V and the voltage reference V * must not drop below a lower boundary specified by the load characteristics Y L , P L in order to ensure strict passivity. This consequently restricts the operating area at each P CC i depending on the characteristics of the Fig. 4 . Block diagram of the closed-loop DGU model (12) connected load. As (28) is most restrictive at V, V * = 0.7V 0 , we propose
as a conservative measure to ensure the strict passivity of (12) for any V, V * ∈ [0.7V 0 , ∞) under given Y L , P L . In light of Proposition 1, (29) is thus a sufficient condition for the asymptotic voltage stability obtained under control law (11) .
C. Addition of Integral Action
As outlined in Remark 3, the control law (11) uses the load model (7) to compensate the steady-state load influence. Naturally, exact model knowledge is neither fully accurate nor fully available. Furthermore, the damping assignment of r 1 > 0 (see (27)) which ensures strict passivity and thus asymptotic voltage stability, introduces a zero steady-state voltage error under non-vanishing disturbances d = −I N = 0. This fact can be understood by considering the block diagram of the closed-loop DGU model (12) given in Fig. 4 . Neglecting the load influence I L (V ), we obtain the linear disturbance transfer function
Thus, an additional IA is necessary to robustify the control and to guarantee zero-steady state errors of the bus voltage. For this purpose, the control (11) is extended by IA via v to 
with (25). Since the disturbances act via d = −I N onẋ 2 = C tVi , which is not directly actuated by v, the standard integral feedback of the passive output as suggested in [18] is not applicable and the IA via state transformation from [19] is employed. Proposition 3: Consider the closed-loop DGU dynamics (33) obtained with the static state feedback (11) .
Suppose the disturbance current d = −I N is piecewise constant (see Assumption 2) . Then, the IA
establishes the new equilibrium
Note that this IA does not affect the voltage stability of the closed-loop DGU model (12) as it preserves x * 2 = C t V * and the port-Hamiltonian structure assigned by IDA-PBC, i.e. J c , R c (x), and the shaped H c (x). Only the entries k I in the interconnection matrix and a quadratic term of the extended state z e in the Hamiltonian are added (cf. (37)).
Proof: For d = −I N , (33) is in its canonical form (cf. [19, (2) ] [20, (12) ]) with one (n 1 = 1) actuated or relativedegree-one (RD1) state x 1 , which is directly actuated by the controlled input (here v), and one higher relativedegree (HRD) or unactuated state x h = x 2 that receives no direct action through v.
Initially, we extend (33) with one additional integrator state
and rewrite it in new z-coordinates as
Afterwards, we establish the HRD state transformation
such that the equilibrium in terms of z * h matches the desired one x * h implying V * . Subsequently, we find the RD1 state transformation which satisfies requirement (38) by solvingẋ
for z 1 =: Ψ(x 1 , x h , z e ) which yields
Finally, we compute the integral control law v with (33) fromż 
From (38) and (43) follows that z * h = x * h = C t V * and z * e = d = −I N . In order for z 1 → z * 1 to hold, it follows from (40) that
which yields (35). The overall control input (32) defining V t is now calculated with (11b) and (34) to
It can be seen that (45) amounts to a static state feedback w.r.t x 1 = L t I t , a model-based compensation of the steady-state load influence r 1 I L (V * ) (see Remark 3), and a linear PI-controller w.r.t. the HRD state x 2 = C t V , which represents the IA. The control parameters are r 1 > 0 and k I > 0. Remark 4: Note that in absence of any load model knowledge, the steady-state load compensation r 1 I L (V * ) is simply omitted. Instead, the PI-controller compensates for it at the cost of impaired performance.
VI. Simulation
In this section, we assess the functionality of the local passivity-based voltage controller with IA (45) and its performance by a simulation with SimScape in Matlab/Simulink. For this, we use the DC microgrid in Fig. 2 consisting of five DGUs connected by seven lines. Table I Each DGU comprises a VSC, an RLC filter, and a load (7) (cf. Fig. 3 ). All DGU filters are parameterized identically with R t = 0.2 Ω, L t = 1.8 mH, C t = 2.2 mF for i = 1, . . . , 5 (cf. [1] ). In order to investigate the robustness of the control design, full π-model lines are used with the default Matlab per-kilometer values R ij = 0.01273 Ω/km, L ij = 0.9337 mH/km, C ij = 12.74 nF/km and lengths as given in Fig. 2 . The control parameters are chosen to r 1,i = 5R ti and k I,i = 500 s −1 . The former allows an intuitive interpretation of the damping assignment as it is tantamount to replacing the original filter resistances with a five times higher value. Reference voltages are set around V 0 = 50 V (cf. [1] ) and the load parameters are chosen such that they satisfy (29) (cf. Table I ). The simulation starts off with DGU 5 disconnected from the microgrid. To test the feasibility of a plug-and-play operation, DGU 5 is connected at t = 2 s as indicated in Fig. 2 . To test the robustness of the microgrid, an additional 50 W load is connected to DGU 4 (cf. Table I) at t = 3 s. The resulting bus voltages in Fig. 5 indicate stability and zero-steady state errors in both cases. For the plug-in of DGU 5 at t = 2 s, the largest deviation with approx. −0.2 V occurs at DGU 5. But with approx. −0.4 %, it is well within a ±10 % band around its reference. The constant power load step at DGU 4 at t = 3 s induces larger, oscillating voltage deviations, as the load damping in the DC microgrid is reduced. With approx. −0.6 V = −1.2 %, however, they are still well within the ±10 % band and decay fast in less than 50 ms.
VII. Conclusion
In this paper, we presented a new systematic and constructive control design for scalable, plug-and-play voltage stabilization in DC microgrids. Based on port-Hamiltonian modeling and the modularity of passive systems, we provide sufficient conditions for the VSC control design and the loads that lead to microgrid-wide asymptotic voltage stability. As we use the Hamiltonian as natural Lyapunov function, we avoid the possibly cumbersome heuristic proposition of a Lyapunov function that is mandatory in existing approaches. Furthermore, the IDA-PBC design allows a general static state feedback control structure which we enable with an additional IA to handle unknown disturbances and model uncertainties, if the resulting current flows can be considered as piecewise constant over time. Future work will address an extension to current flows that are not piecewise constant as well as operational constraints on the power converters.
